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than y1 by 30% (eq 24) so a fairly large difference might 
be expected on the basis of the above argument. However, 
Table I shows a 3.3% difference between So(l)  and S(1) 
and only a 0.6% difference between ro(l) and r(1). The 
explanation of this paradox most likely has to do with the 
fact that the amplitude of the shorter modes is small 
compared to the longer ones according to eq 34. On the 
nanosecond time scale, the shorter modes do make a 
contribution to fluorescence depolarization but they are 
overwhelmed by the larger amplitude contributions of 
longer modes. The behavior in the t = 0 limit of dS(t)/dt 
also supports this. The initial decay rate is dominated by 
the shortest modes but because of their low amplitude, 
they contribute little to the net decay. 

V. Conclusions 
Even though the response T ( Z )  depends rigorously on the 

state (given by &)) of the entire cylinder, it is determined 
locally in practice. Modeling DNA as a continuous elastic 
cylinder, T ( Z )  at some position is determined primarily by 
the 6,'s of the 11 nearest-neighbor base pairs on either side 
of the one in question. This in itself cannot be taken as 
justification for using the Perrin result (eq 5) to accurately 
account for torsional hydrodynamic interaction since it is 
valid only if the local gradient in 6, along the cylinder is 
small. In terms of normal coordinates, the gradient in 6, 
is small provided the amplitudes of the long-wavelength 
normal modes are collectively large compared to those of 
the short-wavelength normal modes. 

In experiments like fluorescence d e p o l a r i z a t i ~ n , ~ ~ ~ ~ ~ ~  
EPR,7 depolarized light scattering,'O and NMR11-13 the 
measurements are related to time autocorrelation functions 
of the form (eik(@(t)-@(o))) (k = 1, 2). From eq 34-37, it can 
thus be seen that these experiments monitor the decay of 
torsion normal modes weighted by their thermal equilib- 
rium amplitudes. Since the short modes have small am- 
plitudes, the above experiments are dominated by the 
long-wavelength modes, which means replacing yl with eq 
5 is justified. It should be emphasized, however, that this 
justification is a consequence of the limited resolution of 
the experiments. Although these conclusions were arrived 

at  by considering the particular case of DNA, they would 
also be true for long, stiff, wormlike chains in general. 
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Particle Scattering Factor of Polymer Chains with Excluded 
Volumes 
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ABSTRACT Particle scattering factors of polystyrenes having high molecular weights and narrow molecular 
weight distributions in light scattering were experimentally determined for comparison with the theories so 
far published. None of the theories satisfactorily agree with experiments over a wide range of scattering angle. 
An empirical equation is presented. 

Introduction 
The particle scattering factor, P(t9), for Gaussian chains 

in light scattering was calculated by Debye2 to be 
(1) 

where u = q 2 ( s 2 ) ,  q = 4*/X sin (8/2), (2) is the mean 
square radius of gyration of the polymer, X is the wave- 
length of the incident light in the solution, and q is the 
magnitude of the wave vector. It has been confirmed that 

P(e) = 2~-~[exp(-u)  - 1 + u] 

0024-9297/83/2216-0425$01.50/0 0 

P(0) for nonionic polymers3 and P(B) for  polyelectrolyte^^^^ 
in 6 solvents agree well with eq 1 if the samples have sharp 
molecular weight distributions. 

As the thermodynamic interaction between segments 
increases or as the solvent becomes better, polymer chains 
expand and become non-Gaussian on account of the ex- 
cluded volume effect. Theoretical calculations of P(6) for 
non-Gaussian chains were presented by Peterlin6 and in- 
tegration forms by Ptitsyn7 and Benoit.8 They introduced 
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Table I 
Light Scattering Data of Polystyrenes in Toluene at 25 "C 

a parameter E to express the non-Gaussian character of the 
chain due to the excluded volume effect, writing 

(2) 

where ( riy) is the mean square distance between the ith 
and j t h  segments. Substituting eq 2 into the segment 
distribution function of a Gaussian form, they obtained 

(riy) a li - jll+f 

P(0) = I 1 2 ( l  0 - x )  exp(-ux'+() dx (3) 

where 
(2 + 4 ( 3  + t) 

q2(s2) 6 

If e = 0, eq 3 reduces to the Debye function, eq 1. The 
approximate estimation of E is possible from the molecular 
weight dependence of the radius of gyration. 

If the excluded volume effect theory of the a5 type is ap- 
plicable, E in very good solvents is approximately 0.2. 

Recently, Farnoux et al.9 presented a theory based on 
the so-called "blob" model, in which the distribution of 
segments is Gaussian up to a critical segment number N, 
and is discontinuously changed to the non-Gaussian one 
of Peterlin's type ( E  = 0.2) beyond that segment number. 
In this theory, P(8) is given by 

P(6) = --(Y - 2 + e-YIZ(I + y) - YI) + 

u =  

(s2) a W+' (4) 

2 2  
k? 

where v = (1 + 4 1 2 ,  X = q2(s2), 2 = N,/N, Y = X P U ,  N 
is the total segment number in the polymer chain, and y 
is the incomplete gamma function. If 2 = 1, eq 5 reduces 
to eq 1, whereas if Z = 0 it reduces to eq 3. Moreover, the 
behavior of P(8) in the crossover region was discussed in 
detail by Francois et al.1° 

In general, if the distribution function W(r,) is spher- 
ically symmetric and has a general scaling form such as 

the P(0) function has the limiting form (7) irrespective of 
the functional form F a t  q2(s2) >> 1." 

P(6) 0: q-'lu ( 7 )  
In previous paper~,48~ it was reported that P(8) of a po- 

lyelectrolyte, poly(sodium acrylates) having sharp molec- 
ular weight distributions, in the presence of an added salt 
agrees well with eq 3. On the other hand, P(0) of nonionic 
polymers in good solvents does not satisfactorily agree with 
eq 3 and reasonable values of the radius of gyration are 
generally obtained by employing eq 1 in the range of low 
scattering a n g l e ~ . ~ J ~ J ~  

The purpose of this work is to observe the particle 
scattering factors of polystyrenes having high molecular 
weights and narrow molecular weight distributions and to 
compare the data with theoretical P(8) equations. 

Experimental Section 
Samples. For the present purpose, it is necessary to use 

polymer samples having very high molecular weights and narrow 
molecular weight distributions. One of the polystyrene samples, 
p-002, was prepared in previous work14 and the other ones were 

( S Z )  x A ,  x 104, 
sample code M ,  x lo'', cmz cm3 mol g-' 

F-850 8.4 2.4 1.6, 
p-002 11 3.4, 1.4, 
F-2000 21 7.0 1.2, 

4 5' 
46 
3 
sa' 
2 5" 
175' 

5 

b 0.04 
0'02 C D d ?  

Figure 1. Square root plot of KC/R8 against polymer concen- 
tration at various scattering angles. Sample, p-002; solvent, 
toluene; temperature, 25 "C. 

provided by Toyo Soda Manufacturing Co. Their molecular 
characteristics are shown in Table I. Toluene, used as a good 
solvent for polystyrenes, was purified by the same method de- 
scribed in a previous papers3 

Light Scattering Measurements. A Fica 50 automatic light 
scattering photometer was used with 436-nm natural light. The 
scattering angle was in the range 15-150". The calibration con- 
stant of the photometer was determined by measuring light 
scattered from benzene at 25 "C. 

Great care was taken in preparation of the sample solutions 
to prevent degradation of the polymers. The optical purification 
of solutions for light scattering measurements was carried out by 
ultracentrifugation at about 50000g for about 2 h. All mea- 
surements were carried out at 25 "C. For the refractive index 
increment (dn/dC) of polystyrene in toluene, a value reported 
by Norberg and SundelOf,l5 0.1129 cm3 g-l, was employed. 

Results and Discussion 

expressed by 
The light scattering data from polymer solutions can be 

(8) 

(KC/R,)c=o = 1 / [ M Z ( 0 ) 1  (9 )  

(KC/RJ,,o = l /Mw + 2A2C + ... 

where A2 is the second virial coefficient and K is a well- 
known coefficient; K = 2&~o2(dn/dC)~/N~&~. Therefore, 
P(8) can be obtained from 
p l ( @  = (KC/R&c=&, = (KC/Rs)c=o/(KC/Rs)c=o,s=o 

(10) 
To make the extrapolation to zero polymer concentration 
easier, a square root plot was employed as shown in Figure 
1. 

In order to compare the experimental values of P(0) with 
theories, it is necessary to know the mean square radius 
of gyration (s2) of the polymer. The reciprocal of P(0) can 
be expanded in terms of sin2 (012) without any assumption 
regarding the conformation of the polymers: 

p l (8 )  = 1 + ( 1 6 ~ ~ / 3 X ~ ) ( s ~ )  sin2 ( 0 / 2 )  + ... (11) 
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1- I 

S i r h 2  
0 0.2 0.4 0 6  08 10 

Figure 2. Comparison of experimental P(0) of polystyrene with 
various theories. Sample, p-002; (s2) = 3.46 X cm2. The 
dash-dot line shows the initial slope. The solid lines D and P 
show calculated values of eq 1 and 3, respectively. The thin solid 
lines show the calculated values of eq 5, assuming 2 = 0.4 (a) and 
2 = 0.8 (b). The broken line shows the calculated values of eq 
3, assuming t = 0.2 and (s2) = 5.63 X cm2. 

Figure 3. Molecular weight dependence of (s2) of polystyrene 
in toluene (0) and benzene (a))16 at 25 "C. 

Figure 2 shows an example of P'(0) vs. sin2 (0/2) for 
polystyrenes in toluene. The initial slopes were graphically 
determined on the figures. The graphical determination 
of the initial slopes is surely somewhat ambiguous, but the 
ambiguity is not so great as to affect the following dis- 
cussion. The values of (s2) calculated from the initial 
slopes are shown in Table I. The values of the second virial 
coefficient A2 were also determined by the ordinary pro- 
cedure and are listed in Table I. 

The values of ( s2) in Table I are double-logarithmically 
plotted against molecular weight together with the data 
in the literature16 in Figure 3. The slope gives E = 0.2. The 
experimental values of P(0) of three samples, moreover, 
are replotted in the form of eq 7 in Figure 4A. From the 
slopes a t  high q, we have = 0.2. These results are in 
agreement with the excluded volume effect theory of the 
a5 type. Thus, we assume t = 0.2 in the following dis- 
cussion. 

If we plot the P(0) data of the three samples in terms 
of q 2 ( s 2 ) ,  we have Figure 5. The calculated values of eq 
1 and 3 using E = 0.2 are shown by the solid lines D and 
P, respectively, for comparison with experimental data in 
Figures 2 and 5. Both figures show that the experimental 
P(0) of polystyrene in good solvents cannot fully be ex- 
plained either by eq 1 or by eq 3. Even if we change E ,  it  
is not possible to fit the theoretical line of eq 3 with ex- 
perimental data in a satifactorily wide range of scattering 
angle. The calculated values of eq 5 ,  using 2 as a param- 
eter, are also shown by thin solid lines in Figure 2. It is 
clear that the blob model cannot improve the agreement 
between theory and experiments. Moreover, if we plot the 

I I I I 
0 -6 - 5  

1ogq2 

Figure 4. Double-logarithmic plots of P'(0) vs. q2. (A) Poly- 
styrene in toluene. The samples are F-2000,p-002, and F-850 from 
top to bottom. The slopes of the solid and broken lines are 5 / 6  
(v = 0.6) and 1 (Y = 0.5), respectively. (B) Poly(sodium acrylate) 
in NaBr solutions. Degree of neutralization, 0.6; NaBr concen- 
tration, 0.025 (0) and 0.01 M (a). The slopes of the straight lines 
are 1/1.24 (v = 0.62) for the solid line, 1/1.32 (Y = 0.66) for the 
dash-dot line, and 5 / 6  (v = 0.6) for the broken line. 

Figure 5. Experimental Pl(6) of three samples plotted against 
q 2 ( s 2 ) .  The circles (@), (O), and (0)denote data for F-850, p-002, 
and F-2000, respectively. The solid lines D and P are the same 
as in Figure 2. The broken line shows the calculated values of 
eq 12, assuming 2 = 0.05. 

calculated values of eq 5 in the form of log P'(0) vs. log 
q2, the slope a t  high q gives u = 0.5 (t = 0), as shown by 
the broken line in Figure 4A. 

Two features can be pointed out in the comparison 
between the theories and experimental data in Figure 2 
and 5 .  In the low q range, the experimental P(0) agrees 
with the Debye function (1). This is in accord with our 
experience that the radius of gyration of nonionic polymers 
can more reasonably be determined by employing the 
equation of Debye than by employing that of Peterlin et 
al.3912v13 On the other hand, if we observe the high q range 
only, i.e., if we fit eq 3 with the experimental data only at 
high scattering angles, assuming that t = 0.2 but (s2 )  is 
variable, we have satisfactory agreement between the 
calculated and experimental values, as shown by the bro- 
ken line in Figure 2. This result is consistent with the data 
in Figure 4A. 

These features suggest that the particle scattering factor 
of an isolated linear polymer in a good solvent can be 
expressed by the equation 



428 Macromolecules 1983, 16, 428-434 

where X and y have the same definitions as in eq 5 but 
Z is an adjustable parameter between 1 and 0 and Y = ZX. 
This equation agrees with eq 1 if Z = 0 and with eq 3 if 
Z = 1. At an intermediate value of Z, eq 12 describes the 
Debye function form (eq 1) in the low q range and the 
Peterlin function form (eq 3) in the high q range. Equation 
12 happens to be the same as eq 3.8 of ref 9 in the blob 
theory for a polymer chain in semidilute solutions. How- 
ever, their physical meanings are different; (s2) is expected 
to increase in proportion to N in semidilute solutions, 
whereas the experimental values, which are proportional 
to W+f, are inserted into (s2) for an isolated polymer in 
good solvents. 

Assuming that Z is an adjustable parameter and v = 0.6, 
we evaluated P(6) from eq 1 2  and compared them with 
experimental data. As shown in Figure 5 ,  satisfactory 
agreement between the calculated and experimental values 
is obtained if we assume Z = 0.05. 

As explained in the Introduction, P(6) of poly(sodium 
acrylate), on the other hand, in the presence of an added 
salt agrees with eq 3 over the entire range of q. This means 
that Z = 1 in eq 12  for polyelectrolytes. Although the 
interaction between nonionic segments and the electro- 
static interaction between charged groups are both con- 
sidered to be excluded volume effects, the former may drop 
much more rapidly than the latter. Moreover, the same 
data are replotted in the form of eq 7 in Figure 4B. The 
slopes at  high q can give values higher than 0.6 for v, i.e., 
higher than 0.2 for t, a t  low ionic strengths. 

Finally, it is to be noted that the interpenetration 
function \ k ( Z )  ( =A2M2/4782NA(s2)3/2) calculated from the 

data in Table I is found to be 0.24, 0.21, and 0.23 for M 
= 0.84 X lo7, 1.1 X lo7 and 2.1 X lo7, respectively. This 
result agrees with our previous conclusion that \k(Z) con- 
verges to 0.21 as the molecular weight increases3J7 and also 
with the data reported later.16J8 
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Small-Angle X-ray Scattering Study of Density Fluctuation in 
Polystyrene Annealed below the Glass Transition Temperature 
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ABSTRACT: The intensity of X-rays scattered a t  small angles provides a measure of the density fluctuation 
in amorphous solids. Above Tg the density fluctuation is thermally induced and proportional to compressibility, 
while below Tg it has in addition a contribution from frozen-in inhomogeneities. When polystyrene was annealed 
below Tg, the observed behavior depended on the annealing temperature. Between 80 and 100 “C the density 
fluctuation decreased approximately linearly with the logarithm of time, while below 80 “C it remained constant 
in the 24-h observation period. On constant-rate cooling, the observed density fluctuation against temperature 
could be represented by three linear sections, the liquid line above Tg, the glass line below about 80 OC, and 
a transition line between about 80 and 100 “C. Three narrow fractions of 17500,220000, and 18000oO molecular 
weight and a commercial sample were studied and were observed to give a density fluctuation in glass that  
depended sensitively on molecular weight. The behavior of the density fluctuation on isothermal annealing, 
on constant-rate cooling, and on changing molecular weight is very different from the behavior of specific 
volume under similar conditions. Whereas the specific volume might provide a measure of the average free 
volume content, the density fluctuation can be interpreted to reveal the distribution of free volume. The 
small-angle X-ray scattering measurement thus offers a glimpse into the structure of glass from a very different 
angle of view and would prove a valuable tool in our efforts to understand the nature of glass. 

I. Introduction equilibrium. This structural relaxation can be demon- 
When a glassy material is annealed at  temperatures strated through measurements of various properties, for 

moderately below its glass transition temperature, its in- example, specific volume,’ heat content,2 and creep prop- 
ternal structure undergoes a slow relaxation toward e r t i e ~ . ~  Each of these properties provides a “window” 
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